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Abstract—Azam et. al introduced the notation of complex valued metric space and obtained common fixed point result for mappings in the 
context of complex valued metric space . In this paper, I prove the common fixed point theorem for a pair of mappings satisfying rational type 
contractive conditions in frame work of complex valued metric space. The prove results generalize and extended some of the known results in 
the literature.  
 
Keywords: Contractive type mapping, Complex valued metric space, common fixed point, rational contraction. 
AMS Classification: 54H25, 47H10  

INTRODUCTION -  

The mathematical results regarding fixed point of contraction type mapping are useful for determining the existence and 
uniqueness of solutions to various mathematical problems. The concept of a complex valued metric space introduced by Azam, 
A and Fisher, B and Khan, M in 2011 [ 1 ], and obtained sufficient conditions for the existence of common fixed point of a pair 
of mappings satisfying a contractive type conditions . After the several authors studied many common fixed point results on 
complex valued metric space [2],[4],[6],[8],[9],[11],[12],[16].[17]. etc. 

The aim of this paper is to establish a common fixed point theorems for two self maps satisfy a new contractive condition of 
rational type. 

PRELIMINARIES 

Definition 2.1 [1] let ܥ be the set of complex number and let ܼଵ	, ܼଶ ∈  :as follows	ܥ

ܼଵ ൑ ܼଶ	݂݂݅	
ܴ݁	ሺܼଵሻ ൑ ܴ݁ሺܼଶሻ, ሺܼଵሻ	݉ܫ ൑ …ሺܼଶሻ݉ܫ .2.1. ܽ 

It follows that ܼଵ ൑ ܼଶ if one of the following condition is satisfied 

CN1. ܴ݁	ሺܼଵሻ ൌ ܴ݁ሺܼଶሻ	ܽ݊݀	݉ܫ	ሺܼଵሻ 	ൌ  ሺܼଶሻ݉ܫ	

CN2 .	ܴ݁	ሺܼଵሻ 	ൌ 	ܴ݁ሺܼଶሻ	ܽ݊݀	݉ܫ	ሺܼଵሻ ൏  ሺܼଶሻ݉ܫ

CN3. ܴ݁	ሺܼଵሻ ൏ ܴ݁ሺܼଶሻ	ܽ݊݀	݉ܫ	ሺܼଵሻ 	ൌ  ሺܼଶሻ݉ܫ	

CN4. ܴ݁	ሺܼଵሻ ൏ ܴ݁ሺܼଶሻ	ܽ݊݀	݉ܫ	ሺܼଵሻ 	൏  ሺܼଶሻ݉ܫ	

In particular ܼଵ ≨ ܼଶ if Z1 ് Z2 and one of CN1, CN3, CN4 is satisfies and if Z1 ൏ ܼଶ 

then only CN4 is satisfied that 

Remark 2.2 

1. ܽ , ܾ	 ∈ ܴ	ܽ݊݀	ܽ	 ൑ ܾ	 ⇒ ܼܽ ൑ ܾܼ 

∀	ܼ ∈  ܥ

2. 0 ൑ ܼଵ ≰ ܼଶ 	⇒ ܼଵ ൏ ܼଶ  
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3.	ܼଵ ൑ ܼଶ	ܽ݊݀	ܼଶ ൏ ܼଷ ⇒ ܼଵ ൏ ܼଷ 

Definition 2.3 Let ܺ be a non-empty set, & C be the set at complex numbers, suppose that the mapping d: ܺ ൈ ܺ →  satisfies ܥ
the following conditions 

(i) 0 ൑ ݀ሺݔ, ,	ሻݕ ,ݔ	∀ 	ݕ ∈ ܺ	&	݀	ሺݔ, ሻݕ ൌ ݔ	݂݂݅	0	 ൌ  ݕ

(ii)	݀ሺݔ, ሻݕ 	ൌ 	݀ሺݕ, ,ሻݔ ,ݔ	∀ 	ݕ ∈ ܺ 

(iii) ݀ሺݔ, ሻݕ 	൑ 	݀ሺݔ, ሻݖ ൅ 	݀ሺݖ, ,ሻݕ ,ݔ	∀ ݕ ∈ ܺ  

Then ݀ is called a complex valued metric on ܺ and (ܺ, ݀) is called a complex valued metric space.  

Example 2.4 

Let ܺ ൌ :݀ Define the mapping	,ܥ ܺ	 ൈ ܺ	 →  ,by	ܥ

݀ሺܼଵ, ܼଶሻ ൌ 	2݅	 ܼଵ െ ܼଶ  for all  

ܼଵ,	ܼଶ ∈ ܺ. Then ሺܺ, ݀ሻ is a complex valued metric space.  

Definition 2.5 Let (ܺ, ݀) be a complex valued metric space and let ሼݔ௡ሽ be a sequence in ܺ. Then ሼݔ௡ሽ converge to ݔ	iff  

݀ሺݔ௡, ሻݔ → 0
	

as ݊ → ∞  

Where ݀ሺݔ௡, ሻݔ 	൏ ܿ	for all ݊ ൒ ܰ  

Definition 2.6 Let (ܺ, ݀) be a complex valued metric space and let ሼݔ௡ሽ	be a sequence in ܺ. Then ሼݔ௡ሽ is a Cauchy sequence . 

 
݀ሺݔ௡, ௡ା௠ሻݔ → 0

 as ݊ → ∞ where ݉ ∈ ܰ. where ݀ሺݔ௡, ௡ା௠ሻݔ 	൏ ܿ 

3. Main Result : Let ሺܺ, ݀ሻ be a complete complex valued metric space and let the mapping ܵ, ܶ : ܺ	 → ܺ satisfy the condition. 

݀ሺܵݔ, ሻݕܶ ൑ 	ߙ	
ௗሺ௫,்௬ሻௗሺ௬,்௬ሻାሾௗሺ௫,௬ሻሿమ

	ௗሺ௫,௬ሻ
൅ ߚ

ௗሺ௫,ௌ௫ሻௗሺ௫,்௬ሻାሾௗሺ௫,௬ሻሿమ

ௗ	ሺ௫,௬ሻ
൅ ߛ

ௗሺ௫,ௌ௫ሻௗሺ௬,்௬ሻ

	ௗሺ௫,௬ሻ
൅ ,ݔ	݀ሺ	ሾ	ߜ ሻݔܵ ൅ ݀ሺݕ, ሻሿݕܶ ൅ ,ݔሾ݀ሺߟ ሻݔܵ ൅

݀ሺݔ, ሻሿݕܶ ൅ ,ݔሺ	݀ߤ   .ሻݕ

for all ݔ, ݕ ∈ ܺ such that ݔ ് ,ݕ ݀ሺݔ, ሻݕ ് 0  

Where ߙ, ,ߚ ,ߛ ,ߜ , ߙ are non negative reals with ߤ ൅ ߚ ൅ ߛ2 ൅ ߜ2 ൅  ൅ 	ߤ ൏  ݎ݋	1

݀ሺܵݔ, ሻݕܶ ൑ 0	݂݅	݀ሺݔ, ሻݕ ൌ 0 then ܵ	&	ܶ	have a unique common fixed points.  

Proof: Let ݔ଴ be on a arbitrary points in ܺ and define ݔଶ௞ାଶ ൌ 	  	ଶ௞ାଵݔܵ

and ݔଶ௞ାଵ ൌ ݇ ௞ whereݔܶ ൌ 0, 1, 2	……  

Then  

݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ ൌ ݀ሺܵݔଶ௞ାଵ,  ,ଶ௞ሻݔܶ

൑ ߙ
݀ሺݔଶ௞ାଵ	, ଶ௞൯ݔܶ,ଶ௞ݔଶ௞ሻ݀൫ݔܶ ൅ ሾ݀ሺݔଶ௞ାଵ, ଶ௞ሻሿଶݔ

݀ሺݔଶ௞ାଵ, ଶ௞ሻݔ
൅ ߚ

݀ሺݔଶ௞ାଵ, ,ଶ௞ାଵݔଶ௞ାଵሻ݀ሺݔܵ ଶ௞ሻݔܶ ൅ ሾ݀ሺݔଶ௞ାଵ, ଶ௞ሻሿଶݔ

݀ሺݔଶ௞ାଵ, ଶ௞ሻݔ

൅ ߛ
݀ሺݔଶ௞ାଵ, ,ଶ௞ݔଶ௞ାଵሻ݀ሺݔܵ ଶ௞ሻݔܶ

݀	ሺݔଶ௞ାଵ, ଶ௞ሻݔ
൅ ,ଶ௞ାଵݔሾ݀ሺߜ ଶ௞ାଵሻݔܵ ൅ ݀ሺݔଶ௞,  ଶ௞ሻሿݔܶ
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൅ ൣ݀ሺݔଶ௞, ଶ௞ାଵሻݔܵ ൅ ݀൫ݔଶ௞ାଵ,ܶݔଶ௞൯൧ ൅ ,ଶ௞ାଵݔሺ݀ߤ ଶ௞ሻݔ

൑ ߙ
݀ሺݔଶ௞ାଵ	, ଶ௞ାଵ൯ݔ,ଶ௞ݔଶ௞ାଵሻ݀൫ݔ ൅ ሾ݀ሺݔଶ௞ାଵ, ଶ௞ሻሿଶݔ

݀ሺݔଶ௞ାଵ, ଶ௞ሻݔ
൅ ߚ

݀ሺݔଶ௞ାଵ, ,ଶ௞ାଵݔଶ௞ାଶሻ݀ሺݔ ଶ௞ାଵሻݔ ൅ ሾ݀ሺݔଶ௞ାଵ, ଶ௞ሻሿଶݔ

݀ሺݔଶ௞ାଵ, ଶ௞ሻݔ

൅ ߛ
݀ሺݔଶ௞ାଵ, ,ଶ௞ݔଶ௞ାଶሻ݀ሺݔ ଶ௞ାଵሻݔ

݀	ሺݔଶ௞ାଵ, ଶ௞ሻݔ
൅ ,ଶ௞ାଵݔሾ݀ሺߜ ଶ௞ାଶሻݔ ൅ ݀ሺݔଶ௞, ଶ௞ାଵሻሿݔ

൅  ൣ݀ሺݔଶ௞, ଶ௞ାଶሻݔ ൅ ݀൫ݔଶ௞ାଵ,ݔଶ௞ାଵ൯൧ ൅ ,ଶ௞ାଵݔሺ݀ߤ  ଶ௞ሻݔ

൑ ,ଶ௞ାଵݔሺ݀ߙ ଶ௞ሻݔ ൅ ,ଶ௞ାଵݔሺ݀ߚ ଶ௞ሻݔ ൅ ,ଶ௞ାଵݔሺ݀ߛ ଶ௞ାଶሻݔ ൅ ,ଶ௞ାଵݔሾ݀ሺߜ ଶ௞ାଶሻݔ ൅ ݀ሺݔଶ௞,  ଶ௞ାଵሻሿݔ

		൅݀	ሺݔଶ௞, ଶ௞ାଶሻݔ ൅ ,ଶ௞ାଵݔሺ݀ߤ   ଶ௞ሻݔ

݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ ൑  

ቀߙ ൅ ߚ ൅ ߜ ൅  ൅ ,ଶ௞ାଵݔቁ݀ሺߤ ଶ௞ሻݔ ൅ ቀߛ ൅ ߜ ൅  ቁ ݀	ሺݔଶ௞ାଵ,   ଶ௞ାଶሻݔ

݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ ൑
ఈାఉାఋା ାఓ

ଵିఊିఋି ݀ሺݔଶ௞ାଵ,   ଶ௞ሻݔ

because ߙ ൅ ߚ ൅ ߛ2 ൅ ߜ2 ൅  ൅ ߤ ൏ 1  

So that 

݀ሺݔଶ௞ାଶ, 	ଶ௞ାଵሻݔ ൑ Q	d	 ൫ݔଶ௞ାଵ,ݔଶ௞൯	
  

As by triangle inequality  

݀ሺݔଶ௞ାଵ, 	ଶ௞ାଶሻݔ ൑ 	 dሾ൫ݔଶ௞ାଵ,ݔଶ௞൯	 ൅ 	 dሺݔଶ௞, ଶ௞ାଶሻݔ
 

Similary 

݀ሺݔଶ௞ାଷ, ଶ௞ାଶሻݔ ൌ ݀ሺܵݔଶ௞ାଶ,   ଶ௞ାଵሻݔܶ

൑ ߙ
݀ሺݔଶ௞ାଶ	, ଶ௞ାଵ൯ݔܶ,ଶ௞ାଵݔଶ௞ାଵሻ݀൫ݔܶ ൅ ሾ݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻሿଶݔ

݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ
൅ ߚ

݀ሺݔଶ௞ାଶ, ,ଶ௞ାଶݔଶ௞ାଶሻ݀ሺݔܵ ଶ௞ାଵሻݔܶ ൅ ሾ݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻሿଶݔ

݀ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ

൅ ߛ
݀ሺݔଶ௞ାଶ, ,ଶ௞ାଵݔଶ௞ାଶሻ݀ሺݔܵ ଶ௞ାଵሻݔܶ

݀	ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ
൅ ,ଶ௞ାଶݔሾ݀ሺߜ ଶ௞ାଶሻݔܵ ൅ ݀ሺݔଶ௞ାଵ, ଶ௞ାଵሻሿݔܶ

൅  ൣ݀ሺݔଶ௞ାଵ, ଶ௞ାଶሻݔܵ ൅ ݀൫ݔଶ௞ାଶ,ܶݔଶ௞ାଵ൯൧ ൅ ,ଶ௞ାଶݔሺ݀ߤ  ଶ௞ାଵሻݔ

൑ ߙ
ௗሺ௫మೖశమ	,௫మೖశమሻௗ൫௫మೖశభ,௫మೖశమ൯ାሾௗሺ௫మೖశమ,௫మೖశభሻሿ

మ

ௗሺ௫మೖశమ,௫మೖశభሻ
൅ ߚ ௗሺ௫మೖశమ,௫మೖశయሻௗሺ௫మೖశమ,௫మೖశమሻାሾௗሺ௫మೖశమ,௫మೖశభሻሿ

మ

ௗሺ௫మೖశమ,௫మೖశభሻ
൅ ߛ ௗሺ௫మೖశమ,௫మೖశయሻௗሺ௫మೖశభ,௫మೖశమሻ

ௗ	ሺ௫మೖశమ,௫మೖశభሻ
൅

,ଶ௞ାଶݔሾ݀ሺߜ ଶ௞ାଷሻݔ ൅ ݀ሺݔଶ௞ାଵ, ଶ௞ାଶሻሿݔ ൅  ൣ݀ሺݔଶ௞ାଵ, ଶ௞ାଷሻݔ ൅ ݀൫ݔଶ௞ାଶ,ݔଶ௞ାଶ൯൧ ൅ ,ଶ௞ାଶݔሺ݀ߤ   ଶ௞ାଵሻݔ

݀ሺݔଶ௞ାଷ,  ଶ௞ାଶሻݔ

൑ ,ଶ௞ାଶݔሺ݀ߙ ଶ௞ାଵሻݔ ൅ ,ଶ௞ାଶݔሺ݀ߚ ଶ௞ାଵሻݔ ൅ ,ଶ௞ାଶݔሺ݀ߛ ଶ௞ାଷሻݔ ൅ ,ଶ௞ାଶݔሾ݀ሺߜ ଶ௞ାଷሻݔ ൅ ݀ሺݔଶ௞ାଵ, ଶ௞ାଶሻሿݔ ൅  ݀	ሺݔଶ௞ାଵ, ଶ௞ାଷሻݔ ൅

,ଶ௞ାଶݔሺ݀ߤ   ଶ௞ାଵሻݔ

൑ ቀߙ ൅ ߚ ൅ ߜ ൅  ൅ ,ଶ௞ାଶݔቁ݀ሺߤ ଶ௞ାଵሻݔ ൅ ቀߛ ൅ ߜ ൅  ቁ ݀	ሺݔଶ௞ାଶ,  ଶ௞ାଷሻݔ

݀ሺݔଶ௞ାଷ,   ଶ௞ାଶሻݔ

൑
ఈାఉାఋା ାఓ

ଵିሺఊାఋାఎሻ
݀ሺݔଶ௞ାଶ,   ଶ௞ାଵሻݔ

݀ሺݔଶ௞ାଷ, ଶ௞ାଶሻݔ ൑ ܳ	݀ሺݔଶ௞ାଶ,  ଶ௞ାଶሻݔ
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Where  

݀ሺݔଶ௞ାଷ, 	ଶ௞ାଶሻݔ ൑ 	ܳ	 ሾ݀൫ሺݔଶ௞ାଵ, ଶ௞ାଶሻ൧ݔ
  

by triangle inequality. 

݀ሺݔଶ௞ାଶ, 	ଶ௞ାଷሻݔ ൑ 	݀	 ሺݔଶ௞ାଶ, ଶ௞ାଵሻݔ ൅ 	 ݀ሺݔଶ௞ାଵ, ଶ௞ାଷሻݔ   

݀ሺݔ௡ାଵ, ௡ାଶሻݔ ൑ ܳ	 ݀ሺݔ௡, ௡ାଵሻݔ  

൑ …….൑ ܳ௡ାଵ	 ݀ሺݔ଴, ଵሻݔ  

So that ݉ ൐ ݊.  

As by triangle inequality. 

݀ሺݔ௡, ௠ሻݔ ൑ ݀ሺݔ௡, ௡ାଵሻݔ ൅ dሺݔ௡ାଵ, ௡ାଶሻݔ ൅ d	ሺݔ୬ାଶ, ୬ାଷሻݔ ൅ ⋯ .൅⋯ .൅ dሺݔ୫ିଵ, ୫ሻݔ 	
 

൑ ሺQ୬ ൅ Q୬ାଵ ൅⋯ .൅Q୬ିଵሻ ݀ሺݔ଴, ଵሻݔ   

൑ ୕౤

ଵି୕
	 d൫ݔ଴,ݔଵ൯  

 

Hence ݀ሺݔ௠, ௡ሻݔ ൑ 	 ொ
೙

ଵିொ
݀ሺݔ଴, ଴ሻݔܶ  

 as ݉, ݊	 → ∞  

This implies that ሼݔ௡ሽ is a Couchy sequence in ܺ since ܺ	is complete ∃ some.  

݌ ∈ 	ܺ	such that ܵ௡ → ݊ as ݌ → ∞  

Suppose on the contrary that ݌ ്   ݌ܶ

So that ݀ሺ݌, ሻ݌ܶ ൌ ܼ ൐ 0.  

݀	ሺ݌, ሻ݌ܶ ൌ ܼ	 ൑ ݀ሺ݌, ଶ௞ାଶሻݔ ൅ ሺݔଶ௞ାଶ,   ሻ݌ܶ

൑ ݀ሺ݌, ଶ௞ାଶሻݔ ൅ ݀	ሺ	ܵݔଶ௞ାଵ,   ሻ݌ܶ

൑ ݀ሺ݌	, ଶ௞ାଶሻݔ ൅ ߙ
ௗሺ௫మೖశభ,்௣ሻௗሺ௣,்௣ሻାሾௗሺ,௫మೖశభ,௣ሻሿ

మ

ௗሺ௫మೖశభ,௣ሻ
൅ ߚ

ௗሺ௫మೖశభ,ௌ௫మೖశభሻௗሺ௫మೖశభ,்௣ሻାሾௗሺ௫మೖశభ,௣ሻሿ
మ

ௗሺ௫మೖశభ,௣ሻ
൅ ߛ

ௗሺ௫మೖశభ,ௌ௫మೖశభሻௗሺ௣,்௣ሻ

	ௗሺ௫మೖశభ,௣ሻ
൅

,ଶ௞ାଵݔሾ݀ሺߜ ଶ௞ାଵሻݔܵ ൅ ݀	ሾ݌, ሻሿ݌ܶ ൅  ሾ݀	ሺ݌, ଶ௞ାଵሻݔܵ ൅ ݀ሺ	ܵݔଶ௞ାଵ, ሻሿ	݌ܶ ൅ ,ଶ௞ାଵݔሺ	݀ߤ   ሻ݌

൑ ݀ሺ݌	, ଶ௞ାଶሻݔ ൅ ߙ
݀ሺݔଶ௞ାଵ, ሻܼ݌ܶ ൅ ሾ݀ሺ, ,ଶ௞ାଵݔ ሻሿଶ݌

݀ሺݔଶ௞ାଵ, ሻ݌
൅ ߚ

݀ሺݔଶ௞ାଵ, ,ଶ௞ାଵݔଶ௞ାଶሻ݀ሺݔ ሻ݌ܶ ൅ ሾ݀ሺݔଶ௞ାଵ, ሻሿଶ݌

݀ሺݔଶ௞ାଵ, ሻ݌
൅ ߛ

݀ሺݔଶ௞ାଵ, ଶ௞ାଶሻܼݔ
	݀ሺݔଶ௞ାଵ, ሻ݌

൅ ,ଶ௞ାଵݔሾ݀ሺߜ ଶ௞ାଶሻݔ ൅ ܼሿ ൅  ሾ݀	ሺ݌, ଶ௞ାଶሻݔ ൅ ݀ሺ	ݔଶ௞ାଶ, ሻሿ	݌ܶ ൅ ,ଶ௞ାଵݔሺ	݀ߤ  ሻ݌

So that 

݀ሺ݌, ሻ݌ܶ ൌ 	ܼ	 ൑

݀	ሺ݌, ଶ௞ାଶሻݔ ൅ ߙ
ௗమሺ௩,	௫

మೖశమ
ሻ	

ௗ	ሺ௫మೖశభ,௫మೖశమሻ ା ௗሺ௫మೖశభ,௩	ሻ 	

൅ ߚ
ௗమሺ௫మೖశభ,்௩ሻ

ௗሺ௫మೖశభ,்௩ሻ ା ௗሺ௫మೖశభ,௩	ሻ

൅

The image part with relationship 
ID rId52 was not found in the 
file.

The image part with relationship 
ID rId53 was not found in the 
file.

The image part with relationship 
ID rId58 was not found in the 
file.

The image part with relationship 
ID rId60 was not found in the 
file.

The image part with relationship 
ID rId62 was not found in the 
file.

The image part with relationship 
ID rId66 was not found in the 
file.

The image part with relationship 
ID rId69 was not found in the 
file.

The image part with relationship 
ID rId70 was not found in the 
file.

The image part with relationship 
ID rId71 was not found in the 
file.

The image part with relationship 
ID rId72 was not found in the 
file.

The image part with relationship 
ID rId79 was not found in the 
file.

The image part with relationship 
ID rId80 was not found in the 
file.

The image part with relationship 
ID rId81 was not found in the 
file.

The image part with relationship 
ID rId82 was not found in the 
file.



Common Fixed Point Theorem with Two Self Maps in Complex Valued Metric Space 87 
 

 

Journal of Basic and Applied Engineering Research 
p-ISSN: 2350-0077; e-ISSN: 2350-0255; Volume 6, Issue 2; January-March, 2019 

ߛ
௓మ

௓ ା ௗሺ௫మೖశభ,௩ሻ

൅ ߜ ൤ ݀ሺݔଶ௞ାଵ, ଶ௞ାଶሻݔ ൅ ܼ ൨ ൅ ൤ ݀	ሺݔଶ௞ାଵ, ሻݒܶ ൅ ݀ሺݒ, ሻ	ଶ௞ାଶݔ ൨ ൅

	ߤ ݀ሺݔଶ௞ାଵ, ሻ	ݒ
  

Which or mapping ݊ → ∞ therefore  

	 ݀ሺ݌, ሻ	݌ܶ ൌ 0  

Which is contradiction so that  

݌ ൌ   ݌ܶ

Similarly we show that  

݌ ൌ   .is fixed point ݌ thus implies that ݌ܵ

Uniqueness 

Let ݍ in ܺ be another common fixed point of ܵ	&	ܶ, then  

݀ሺݍ, ሻ݌ ൌ 	݀ሺܵݍ,   ሻ݌ܶ

൑ ߙ ௗሺ௤,்௣ሻௗሺ௣,்௣ሻାሾௗሺ௤,௣ሻሿమ	

ௗሺ௤,௣	ሻ	
൅ ߚ ௗሺ௤,ௌ௤ሻௗሺ௤,்௣ሻାሾௗሺ௤,௣ሻሿమ

ௗሺ௤,௣ሻ
൅ ߛ ௗሺ௤,ௌ௤ሻௗሺ௣,்௣ሻ

	ௗሺ௤,௣ሻ
൅ ,ݍሾ݀ሺߜ ሻݍܵ ൅ ݀	ሾ݌, ሻሿ݌ܶ ൅  ሾ݀	ሺ݌, ሻݍܵ ൅ ݀ሺݍ, ሻሿ	݌ܶ ൅

,ݍሺ	݀ߤ   ሻ݌

So ݀ሺݍ, ሻ݌ ൑ ,ݍሺ݀ߙ ሻ݌ ൅ ,ݍሺ	݀ߚ ሻ݌ ൅  ሾ݀	ሺ݌, ሻݍ ൅ ݀ሺݍ, ሻሿ	݌ ൅ ,ݍሺ	݀ߤ   ሻ݌

݀ሺݍ, ሻ݌ ൑ ቀߙ ൅ ߚ ൅ 2 	 ൅ ቁߤ ݀ሺ݌,   ሻݍ

So ݀ሺݍ, ሻ݌ ൑ ,݌ሺ݀	ߩ   ሻݍ

ߩ ∴ ൌ ቀߙ ൅ ߚ ൅ 2 	 ൅ ቁߤ ൏ 1  

So ݌ ൌ  ݍ

Which proves the uniqueness of common fixed point.  
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